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SECTION - A

All the first ten questions are compulsory. They carry 1 mark each.

|2
1 Fvaluate lim
x 714 % =2

2 State true or false: Every uniformly continuous function is continuous.
1 Determine the points of discontinuity of the greatest integer function.
4 Stale the mean value theorem.

5 Define a uniformly continuous function.

6 Define a differentiable functionr at a point.

.T.0.



Give an example of a real valued function which 1S discontinuous at every point

of R.

8  Define upper integral of a function f.

9 When do you say that a bounded real function f is integrable on [ab]?

10 State true or false: If |f] is integrable on [a,b] then {is also integrable on (a.b].

(10 x 1 =10 Marks)
SECTION - B

Answer any eight questions. Each question carries 2 marks.

2

11. Evaluate lim o
x =0 IX

. , : , \1if x is irrrational
12 Prove that the Dirichlet’s function f defined on R by f(x) = -1_ (P s paliongt

is discontinuous at every point.

13 Ifff AoRandg A R are continuous at a point ¢ € A, show that f(x)+ g(x)

is also continuous atc.

14 s the function f(x)= L uniformly continuous on (0, 1]? Justify.
X

15  Prove that {f(x,)} is 8 Cauchy sequence for every Cauchy sequence {x,} InR

where fis a uniformly continuous function.
If f is differentiable in (a, b) and f'(x)=0 for all x< (a.b), show that f is

monotonically decreasing.

17. Show by an example that a bounded function in [a.b] need not be continuous N

[a.b).
18 Iff: A »RIS differentiable at a point ¢ « A, then fis continuous at ¢ as well
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Find the value of & for the function f(x) - x* + 4x + 3 to be uniformly continuous

in the interval [-1,1], given «

Check whether the following function is integrable over [0,1]: f(x)=1if x € [0/1]
and x is rational and f(x) - 0 if x ¢ [0,1] and x is irrational.

b b
Show that [fdx > ffdx.
o o

Show that if f and g are bounded and integrable on [a,b], such that f > g, then
b b
[fax>[gax.
a a
(8 x 2 =16 Marks)
SECTION-C

Answer any six questions. Each question carries 4 marks.

L)

1
: xsin—,for x # 0
Test the continuity of the function at x = 0 f(x) = l X .
1 0,for x=0

Explain Lipschitz functions with the geometrical interpretation.
Show that a uniformly continuous function preserves Cauchy sequences.

Suppose f is a real differentiable function on [a,b] and suppose f'(a) < A < f'(b).
Prove that there is a point x ¢ (a,b) such that f'(x) = 4.

State and prove chain rule of differentiation.

State and prove Darboux’s theorem.

Prove that. if f 1s monotonic in [a.b], itis integrable in [a.b].

3 R -1222



30. If f and g are integrable in [a,b] then show that fg is also integrable in [a,b].

1for x rational

31. Show that the Dirichlet’s function g(x) = is not integrable.

O for x irrational

(6 x 4 = 24 Marks)
SECTION - D

Answer any two questions. Each question carries 15 marks.

32. Letf: A— R be continuous on A. If K c Ais compact, then prove that f (K) is
compact as well.

33. State and prove Intermediate value theorem. Is the converse true? Justify your
answer.

34. Prove that a bounded function f is integrable on [a,b] if and only if for every « >0
there exists a partition P such that U (P,f)- L (P, f) < ¢.

< k for

35 If f is bounded and integrable on [a,b] and k is a number such that |f(x)

all x € [a,b]. Prove that <k(b-a).

b
ffdx
a

(2 x 15 = 30 Marks)
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